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Nomenclature

�C� = elasticity constant matrix
Dh = hydraulic diameter of slot, m
F = load vector
L = flat plate length, m
ReDh = Reynolds number
t = flat plate thickness, m
y = lateral axis along plate
z = axis coinciding with jet center
� = relative angle of slot measured from axis parallel

to plate, degree
" = strain vector
� = thermal stress, Pa
�yield = yield stress, Pa

I. Introduction

J ETS impinging normally on a flat plate have been extensively
studied in terms of flow characteristics, wall temperature, and

pressure distribution [1,2]. In some cases, a jet impinges on the plate
with a certain degree of inclination with respect to the plate, resulting
in the oblique impinging jet. In the case of a jet removing heat from
the target plate (cooling jet), it has been established that the location
ofmaximumheat transfer shifts increasingly toward the uphill side of
the plate, and the maximum Nusselt number decreases as the
inclination angle is decreased from the normal impinging position
[3,4]. On the contrary, for a heating jet, such an inclination increases
the maximum temperature (or heat transfer rate), leading to a
significant temperature jump at all the points along the plate [5]. The
upward shift of the maximum temperature is attributed to the
reduction in effective entrainment of air on both the uphill and
downhill sides of the target plate.

Although a multitude of studies have been conducted to charac-
terize theflowand heat transfer characteristics of an impinging jet [1–
7], there has not yet been a study devoted to the thermal stresses
induced on the target plate by an inclined impinging heating jet.
Several systems, including welding, laser heating, and electric

discharge machining (EDM), are similar to the impinging heating jet
in terms of heat transfer to the target plate and consequently have akin
temperature profiles. Yadav et al. [8] used the Galerkin finite element
formulation to simulate the EDM-induced temperature and thermal
stresses on a target plate. High temperature gradient zones were
found to correspond to regions of large stresses that may exceed the
material yield strength. Sunar et al. [9] analyzed the temperature and
thermal stresses developed in a sheet metal due to welding. The
thermal stresses were found to be compressive in nature and follow a
trend similar to the temperature distribution due to the high gradients
near the center.

The present study is concerned with the thermal stresses devel-
oped on a flat plate, due to an impinging heating slot jet, and their
variation with jet inclination. For fixed separation distance and
Reynolds number, and selected jet inclination angles, the measured
temperature data are used as input for thermal stress modeling, using
the sequential coupling finite element method (FEM). For a given set
of thermal boundary conditions, thermal stresses are calculated for
various inclination angles and physical boundary conditions of
the plate. The study is limited to the steady-state responses of tem-
perature and thermal stresses.

II. Thermal Stress Modeling

The sequential coupling FEM is adopted to calculate the thermal
stresses induced on a flat plate as a result of an impinging heating or
cooling jet. Temperature T at an element is approximated in terms of
its nodal value Tei (i� 1; 2; . . . ; n) as

T � NTi Tei (1)

whereNTi is the shape function and n is the number of element nodes.
For a two-dimensional (2-D) problem, as illustrated in Fig. 1,

with the shape function NTi serving as the weighted function, the
simplified Galerkin weighted residual expression of heat conduction
equation is theoretically equal to zero [10]:

Z
�

NTj �kyT;yy � kzT;zz � �Q� d�

�
Z
�2

NTj �kyT;yny � kzT;znz � q� d�� 0 (2)

Here, ky and kz are the thermal conductivity of the plate material
along the y and z axes, respectively, ny and nz are the unit vectors
parallel to the y and z axes,Q is the internal heat generation in the area
of �, and q is the heat flux imposed through the boundary of �2

(D–A–B–C). It should be noted that the simplified 2-D problem
governing Eq. (2) assumes no internal heat generation in the plate, as
well as on the adiabatic boundary of �2, except the boundary (C–D)
on which the nonuniformly distributed local temperature is pre-
scribed. Substitution of Eq. (1) into Eq. (2) yields:

KT e � P (3)

where

K �
X
e

Ke

is the heat conduction matrix, Te � �Te1 ; Te2 ; Te3 ; . . . ; Tenn� is the
vector of nodal temperatures,

P �
X
e

Pe
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is the temperature load, and nn is the total number of nodes in the
structure of interest. Here, the elements of Ke and Pe are given by

Keij �
Z
�e

�kyNTi;yNTj;y � kyNTi;zNTj;z� d�;

Pei �
Z
�e

�NTi �Q� d��
Z
�e
2

�NTi q� d�
(4)

Based on the measured temperature on the plate surface (z� 0),
the temperature distribution in the y–z plane of the plate can be
obtained by solving Eq. (3). The constitutive relation for a given plate
material can be written as

f�g � �C��f"g � f�g�T � T0�� (5)

where f�g is the vector of the thermal stresses, �C� is the matrix of the
elastic constants, f"g is the vector of strains, f�g is the coefficient of
thermal expansion, and T0 is the reference temperature (ambient
temperature).

To solve Eq. (5), the displacement fug in an element needs to be
calculated. It is approximated in terms of nodal displacements fueg
and shape function �Nd� as

fug � �Nd�fueg (6)

According to the displacement and strain relation, "ij�
�ui;j � uj;i�=2, the strain can be expressed as

f"g � �Bd�fueg (7)

where �Bd� is the strain matrix.
The principle of virtual work for steady-state elasticity yields:

Z
V

�f"gTf�g dV �
Z
A�

�fugTf �Tg dA (8)

where f �Tg is the traction load on surface A� . Substitution of Eqs. (6)
and (7) into Eq. (8) leads to

K due � F (9)

where

K d �
X
e

Kd
e

is the stiffness matrix,

F �
X
e

Fe

is the vector of loads, and

K d
e �

Z
V

��Nd�T �C��Nd�� dV (10)

F e�
Z
A�

��Nd�Tf �Tg�dA�
Z
V

f�Bd��C�f�g��NT �fTeg�T0�gdV (11)

Note that the load matrix F contains the thermal loads we have
used for temperature analysis. Based on the nodal displacements
calculated from Eq. (9), the thermal stresses can be obtained from
Eq. (5).

In the present analysis, the thermomechanical problem is treated
as plane strain. The plate having in-plane dimensions of 0:13 �
0:005 m is modeled with eight node plane elements. Before the
calculation, the influence of the grid density was checked. Based on
the results, in total, 390 elements (78 in y axis and five in z axis) and
1337 nodes are distributed.

For steady-state heat conduction analysis, surface C–D is
nonuniformly heated, whereas surfaces A–B, B–C, and D–A are
thermally insulated. For thermal stress analysis, four different
physical boundary conditions are considered (Table 1). Thermo-
physical properties of the plate material are listed in Table 2.

III. Discussion of Results

A. Temperature Distributions

Measurements of temperature distribution were performed for a
fixed separation distance of H=Dh � 8 and selected jet inclination
angles of �� 30, 45, and 90 deg. The jet Reynolds number based on
slot hydraulic diameter Dh��11:3 mm� is fixed at 8:2 � 103. For
brevity, only the overall response of the temperature distribution to
the variation of jet inclination is described here. Further details,

Fig. 1 Computational mesh for calculating thermal stresses on a flat plate.

Table 1 Thermal and physical boundary conditions imposed on a plate

Boundary A–B B–C D–A C–D

Thermal boundary conditions Adiabatic Adiabatic Adiabatic Prescribed local temperatures

Physical boundary conditions

case A Fixed Traction free Traction free Traction free
case B Fixed Traction free Fixed Traction free
case C Traction free Fixed Fixed Traction free
case D Fixed Fixed Fixed Traction free

Table 2 Thermophysical properties of plate material

Parameter Value

Thermomechanical
properties

Young’s modulus 2300 MPa
Poisson ratio 0.35

Thermal expansion coefficient 6:75 � 10�5 K�1

Thermal conductivity 0:21 Wm�1 K�1

Yield stress 62 MPa

Plate dimensions
Length, L 0.13 m
Thickness t 0.005 m
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including flow and pressure characteristics of the impinging jet, can
be found in [5].

Figure 2 shows that, at�� 90 deg, the local temperature peaks at
the geometrical stagnation point and its distribution is laterally
symmetric relative to this point, with the temperature decreasing
monotonically on either side. Furthermore, a decrease in the incli-
nation angle shifts the actual stagnation point toward the uphill
side of the plate. The considerable upward shift (or increase) of the
wall temperature with the decreasing inclination angle indicates an
increase of heat transferred from the hot jet to the plate. Conversely,

for an impinging cooling jet, as the inclination angle is decreased
from the normal impinging position, heat transfer between the
impinging jet and the plate is also decreased [3–7].

B. Thermal Stress Analysis

Jet impingement causes nonuniform temperature distribution as
well as nonuniform temperature gradients (Fig. 2). The temperature
data are used as input for thermal stress modelling, as discussed in
Sec. II. Figure 3a plots the in-plane thermal stress � on both A–B and
C–D surfaces (normalized by the yield stress of plate material �yield)
as a function of the lateral distance away from the geometrical
stagnation point (normalized by the jet hydraulic diameter) for
�� 30, 45, and 90 deg and case A (Table 1).

The thermal stress is compressive (as denoted by the negative
sign) due to the fact that the heating jet causes significant expansion
near the stagnation region that is resisted by the outer regions. At
�� 90 deg, the thermal stress on the C–D surface experiencing
the impinging heating jet is laterally symmetric, peaking at the stag-
nation point. The thermal stress is maximized at the plate center
and decreases gradually with increasing lateral distance. Far away
from the center, it becomes negligibly small, due to the traction-free
boundary conditions. On the other hand, the compressive stress near
both ends of the plate, on the physically fixedA–B surface, exhibits a
sudden and steep jump with the same distribution and magnitude of
the stress observed in the central portion of the plate. It should be
noted that, in the present numerical simulation, the plate has a large
length-to-thickness ratio (L=t� 26). The sudden increase in the
compressive stress near both ends of the plate is associated with
the fixed physical boundary.

As the inclination angle is decreased, a shift of about 2–3Dh for
the peak stress toward the uphill side is observed, consistent with
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Fig. 2 Lateral distribution of effective temperature along surface C–D

under an impinging heating jet with three selected inclination angles,
�� 90 (normal impinging), 45, and 30 deg (Vipat et al. [5]).

Fig. 3 Lateral distribution of numerically calculated thermal stress on a plate along the A–B and C–D surfaces under different physical boundary

conditions: a) case A; b) case B; c) case C; and d) case D.
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the shift of the peak temperature. The downward shift of the thermal
stress curve with the decreasing � (causing an apparent jump in the
thermal stress profile) increases themagnitude of the stress in the near
stagnation region. This is due to the high temperature gradient in this
region. The thermal stress has large values in the region of 4Dh on
either side of the plate center, which should be controlled to be
smaller than the yield stress of the plate material in practice.

With one of the sidewalls fixed (C–D surface, case B), in addition
to case A (Fig. 3b), the traction-free side (B–C) has almost zero
stress, whereas the high compressive stresses are induced away from
this side due to the fixed boundary condition on the other side (A–D).
Near the traction-free edge (i.e., corner B) of the plate on the fixed
side, the compressive stress is pronouncedly increased up to approxi-
mately twice as high as that generated due to the stagnation of the
impinging jet. Jet inclination from the normal impinging position
causes an increase of the stress in the entire lateral range.

With the sidewalls (e.g., A–D and B–C) fixed, applicable to both
case C and case D, the compressive stress generated on A–B is
identical to that on C–D in terms of local distribution andmagnitude.
With both of the sidewalls fixed (case C) while the A–B surface is
traction free, a uniform stress is induced in the entire lateral range of
the plate, and the jet inclination leads to a systematic increase of
the stress (Fig. 3c). When the A–B surface is fixed, in addition to the
physical boundary conditions applied to case C, the compressive
stress is maximized within the stagnation region (Fig. 3d). The jet
inclination increases the compressive stress with its peak shifted
toward the uphill side of the plate, in accordancewith the lateral shift
of the peak temperature. Under the impinging heating jet, the
influence of the jet inclination on the thermal stresses appears to be
as significant as the physical boundary conditions applied to each
boundary.

We have thus far considered how the nonuniform temperature
distribution as a result of the impingement of a heating jet causes the
thermal stresses on the target plate in a relatively low temperature
range. Particular focus has been placed on the variation of the
lateral thermal stress distribution with the inclination of the slot jet.
Although it is known that the magnitude of the plate temperature, as
well as its gradient, influences the thermal stress field, this is not
covered in the present study.

IV. Conclusions

With the temperature profile experimentally obtained serving as
input (jet exit-to-plate spacing fixed at H=Dh � 8 and Reynolds
number at ReDh � 8:2 � 103), the thermal stresses developed on the
target plate have been simulated using the sequential coupling FEM.
Conclusions drawn from this study are summarized as follows:

1) Compressive stress is induced in the plate under the impinging
heating jet. The lateral distribution of the stress is symmetric for the
normal impingement (�� 90 deg).

2) As the inclination angle is decreased, the stress at all lateral
points, including the point at which the stress ismaximized, is shifted
systematically upward.

3)With a given temperature distribution imposed by the impinging
heating, the physical boundary conditions of the target plate signifi-
cantly affect the thermal stresses induced. The contribution of the
jet inclination to the stress is comparable with that of the physical
boundary conditions.
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